2. Mathematical M odels of Mechanical Systems
2.1. Introduction

A very simple class of mechanical system

A single rigid body or

of two rigid bodies simply connecte(} ...Planar motion including rotating motion in the plane

Free-body diagram> Newton’s and Euler’s laws — the differential equations

A set of differential equations
The mathematical model. < that describe the physical system and
its environment, plus certain auxiliary information.

The model includes any approximatiohs.

I Simplifying our models and yielding so-
Several severe restrictions on the general : .
. . ~— lutions to the equations that are accurate
validity of our analytical approach

enough for many practical purposes.

Simple mechanical sysmtems and the ciucumstance®rdinary differential equations with constant coeffi-
cients

The valid time interval
The appropriate physical conditions
at the initial instant of that time interval

The initial-value problem
on differential equations

The modeling process . The bridge between the physics and the mathematics of the problem
2.2. Mass, Spring, and Damper System

A simple mass, spring, and damper system as shown in Fig.2.1
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Fig.2.2 Free-body force-mass diagram.
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Fig.2.1 The mass, spring, and damper system.

z(t) : The displacement of the cart from a reference point fixed to the level plane
z=0 : The position in which the spring is relaxed.
The level plane : An inertial reference frame

The mass of the wheels is ignored.
The friction in the wheel bearings is negligible.
A force f(t) is applied in the positive(¢) direction.
M : The mass of the cart and is constant.
The motion of the cart  : only in the horizontal direction, does not rotate,
nor do the wheels lose contact with the plane

Newton’s second law— The free-body force-mass diagram of Fig.2.2

1The boundary conditions exisiting between the system and its environment, the identification of the exciting agents(inputs) to the system,
and the inteval of time during which the differential equations provide a valid description of the system dynamics.
2For exmaple, we will ignore the earth’s rotation and assume that the earth is an inertial reference frame.



Five agents applying a force to the mass

Gravity, the vertical contact forces supporting the cart, the external driving fgr¢ethe contact force due to
the springfx (¢) and the contact force due to the damper plungeft) From assumption that the cart does not
accelerate in the vertical direction,

Ri+R,—W=0

The two forcesk; and R» also have moments about the center of mass.
From the assumption that the cart does not rotate, the sum of the moments will be zero.

U

The termsR; and R- will fluctuate as the cart moves to and frkg: the sum of the moments remains zero.
— Only the motion in the: direction

Newton’s second law for motion, the rate of change of the linear momentum of the mass:iditieetion is
equal to the sum of all the force applied to the mass ircttgection

Mz = f(t) + fu(t) + fp(t) (2.1)

The unit for mass) : kilogramgkg], the unit for displacement: metém], the unit of force: newtonB\], the
unit of time: secondss|.

Z(t): units of meter per second per secd(rd/s)/$

The spring force and the damper force depending on the motion of the cart

the spring force ... the displacement(t)
the damper force ... the relative velocity between the plunger and the cylinder
in this case: ()

— the dependence on the physical properties of the spring and the damper
The simplest type of spring model. the ideal (lossless) Hooke’s law

fu(t) = —kz(?) (2.2)
wherek is the spring constant having units of N/m.
Ao

The minus sign: the arrow denotirfg(t) in Fig.2.2
points in the+z direction
In the dampler: a viscous fluid working around the .
plunger as it moves back and forth in the cylinder trans- T Z
mits the forcefp (¢) to the cart. -
A laboratory test of the damper.. a force-velocity =~
characteristic resembling that shown in Fig.2.3.
A model characteristic:

oty =—loz(t) + 520 (23)

wherea N/(m/s) ands N/(m/s)® are coefficient chosen ] ]
so that Eqn.2.3 will fit the laboratory data of Fig.2.3. Fig.2.3 Force-velocity character of damper.

If mechanical contact exists between plunger and cylinder it will not create a friction force independent of
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z1 (to) andzs (to) are known,
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Fig.2.4 Simple rate gyroscope
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Unit vectors on a gyroscope.
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T (1) = IrQi(t) + Lotk (t) kg-m/s  (2.10)
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= IRQ% + L6 ()k(t) + foé(t)@ (2.12)
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2.4. Pendulum with Moving Base

Bl )

Fig2.6 Cart-pendulum system.
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Fig2.7a Free-body diagram for the cart.
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ME(t) = f(t) — D:(t) + Fr(t) (2.19)
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Fig2.7b Free-body diagram for the pendulum.
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Fig2.8 Kinematics of pendulum motion.
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normal to the plane of motion
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